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The improved QCD light-cone sum rule (LCSR) provides an effective way to deal with the heavy-
to-light transition form factors (TFFs). Firstly, we adopt the improved LCSR approach to deal
with the B → D TFF f+(q2) up to twist-4 accuracy. Due to the elimination of the most uncertain
twist-3 contribution and the large suppression of the twist-4 contribution, the obtained LCSR shall
provide us a good platform for testing the D-meson leading-twist DA. For the purpose, we suggest
a new model for the D-meson leading-twist DA (φ3D), whose longitudinal behavior is dominantly
determined by a parameter B. Moreover, we find its second Gegenbauer moment aD2 ∼ B. Varying
B within certain region, one can conveniently mimic the D-meson DA behavior suggested in the
literature. Inversely, by comparing the estimations with the experimental data on the D-meson
involved processes, one can get a possible range for the parameter B and a determined behavior
for the D-meson DA. Secondly, we discuss the B → D TFF at the maximum recoil region and
present a detailed comparison of it with the pQCD estimation and the experimental measurements.
Thirdly, by applying the LCSR on f+(q2), we study the CKM matrix element |Vcb| together with
its uncertainties by adopting two types of processes, i.e. the B0/B¯0-type and the B±-type. It
is noted that a smaller B ≺∼ 0.20 shows a better agreement with the experimental value on |Vcb|.
For example, for the case of B = 0.00, we obtain |Vcb|(B
0/B¯0 − type) = (41.28+5.68−4.82
+1.13
−1.16) × 10
−3
and |Vcb|(B
± − type) = (40.44+5.56−4.72
+0.98
−1.00)× 10
−3, whose first (second) uncertainty comes from the
squared average of the mentioned theoretical (experimental) uncertainties.
PACS numbers: 12.15.Hh, 13.25.Hw, 14.40.Nd, 11.55.Hx
I. INTRODUCTION
The Cabibbo-Kobayashi-Maskawa (CKM) quark mix-
ing matrix [1] is one of the cornerstone of the electroweak
sector of Standard Model (SM). An intensive study on
the CKM matrix elements is helpful for testing SM and
for exploring new physics beyond SM. Among those ma-
trix elements, the precise determination of |Vcb| provides
a stringent test of the CKM mechanism of the flavor
structure and the charge-parity violation.
The CKM matrix element |Vcb| can be determined
from inclusive and exclusive semi-leptonic B meson de-
cays. Experimental studies on |Vcb| has been done in the
literature, cf.Refs.[2–10]. The recent world average of the
particle data group (PDG) shows |Vcb| = 41.9(7)× 10−3
from inclusive processes and |Vcb| = 39.6(9)× 10−3 from
exclusive processes [11]. Theoretically, it has been stud-
ied by using non-perturbative approaches such as the
quenched and unquenched lattice QCD [12–15]. It has
also been perturbatively studied by using the operator
production expansion approach [16, 17]. The Heavy Fla-
vor Averaging Group (HFAG) has performed a global
analysis of the inclusive observables in B → Xcℓν de-
cays [18–21], which results in 41.68(44)(9)(58)×10−3 and
∗ email:wuxg@cqu.edu.cn
42.31(36)× 10−3 by using the kinetic scheme and the 1S
scheme, respectively.
Among the B-meson decay channels, the semi-leptonic
decays such as B → Dℓν¯ℓ have aroused people’s great in-
terests, which have been frequently used to determine the
value of |Vcb| and/or the D-meson distribution amplitude
(DA). In dealing with those semi-leptonic channels, it is
necessary to have a reliable estimation on the B → D
transition form factors (TFFs) within its allowable kine-
matic region 0 ≤ q2 ≤ (MB −MD)2. Because the charm
quark mass is much smaller than the bottom quark mass,
the B → D TFFs can be calculated by using the light-
cone sum rule (LCSR) for proper kinematical range in
which the operator product expansion can be done near
the light cone. More over, similar to B → π TFFs, e.g.
Ref.[22], it is reasonable to assume that the B → D TFFs
can also be consistently analyzed via the pQCD, the lat-
tice QCD and the LCSR approaches, which are applica-
ble within different q2 regions. The pQCD is applicable
for smaller q2 ∼ 0 and the lattice QCD is applicable
for larger q2 ∼ (MB−MD)2. While, the LCSR, in which
the non-perturbative dynamics are effectively parameter-
ized in the so-called light-cone distribution amplitudes
(LCDAs) [23–26], is restricted to small and moderate q2
regions. Thus, a more accurate LCSR shall present a bet-
ter connection between the pQCD and the lattice QCD
estimations, and then to achieve a better understanding
of those TFFs.
2In the present paper, we shall calculate the B → D
TFFs by using the LCSR approach, and determine |Vcb|
by comparing with the experimental values on the decay
width of the B → D semileptonic decays. For the pur-
pose, we shall analyze two types of semi-leptonic chan-
nels: B0 → D−ℓ+νℓ (B¯0 → D+ℓ−ν¯ℓ) and B+ → D¯0ℓ+νℓ
(B− → D0ℓ−ν¯ℓ). In the LCSR, a two-point correla-
tion function is introduced and expanded near the light
cone x2 = 0, whose matrix elements are parameterized
as LCDAs of increasing twists [23–26]. We shall adopt
the LCSR with its improved version [27, 28] to deal with
the process. By using the improved LCSR, a chiral cur-
rent correlator is taken as the starting point such that
the relevant (most uncertain) twist-3 LCDAs make no
contributions and the reliability of LCSR estimation can
be enhanced to a large degree. Further more, we shall
show that the twist-4 DAs also have quite small contri-
butions to the LCSR. This inversely makes the B → D
semi-leptonic decays be good places for testing different
models of the D meson leading-twist LCDA.
For the purpose, we shall introduce a model for the
D-meson leading-twist DA based on the well-known
Brodsky-Huang-Lepage (BHL) prescription [29], whose
longitudinal behavior is dominantly determined by an in-
put parameter B. Varying B within certain region, one
can conveniently mimic the D-meson DA behavior sug-
gested in the literature. A comparison of three typical
D-meson DA models shall also be presented. By com-
paring the estimations with the experimental data on
the D-meson involved processes, one may get a possible
range for the parameter B and a determined behavior for
the D-meson DA.
The remaining parts of the paper are organized as fol-
lows. In Sec.II, we present the calculation technologies
for dealing with the dominant components of B → D
semi-leptonic processes: I) We present the detail for de-
riving the dominant TFF f+(q
2) within the LCSR up to
twist-4 accuracy; II) We present several models forD me-
son leading twist wave function (and hence its LCDA);
III) The B and D decay constants are two important
physical quantities for determining the B → D TFFs.
We present the B meson and D meson decay constants
up to the next-to-leading order (NLO) level. Numerical
results are given in Sec.III, where the properties of the
D meson LCDA, the B → D TFFs and the |Vcb| are
presented. The final section is reserved for a summary.
II. CALCULATION TECHNOLOGY
The B → D TFFs relevant for the semi-leptonic decay
B → Dℓν¯ℓ can be parameterized as
〈D(pD)|c¯γµb|B(pB)〉 =
[
pBµ + pDµ − m
2
B −m2D
q2
qµ
]
f+(q
2) +
m2B −m2D
q2
qµf0(q
2)
= 2f+(q
2)pDµ + [f+(q
2) + f−(q
2)]qµ, (1)
where the momentum transfer q = (pB − pD) and the re-
lation between f0(q
2) and f±(q
2), i.e. f0(q
2) = f+(q
2) +
q2/(m2B −m2D)f−(q2), has been adopted. After integrat-
ing over the phase space, the differential decay width of
B→Dℓν¯ℓ over q2 can be written as
d
dq2
Γ(B→Dℓν¯ℓ) = G
2
F |Vcb|2
192π3m3B
(
1− m
2
ℓ
q2
)2 [(
1 +
m2ℓ
2q2
)
λ
3
2 (q2)|f+(q2)|2 + 3m
2
ℓ
2q2
(m2B −m2D)2λ
1
2 (q2)|f0(q2)|2
]
, (2)
where GF = 1.166× 10−5 GeV−2 is the Fermi constant
and λ(q2) = (m2B +m
2
D − q2)2 − 4m2Bm2D is the phase-
space factor. For the case of ℓ = e or µ, mℓ → 0, the
term involving f0(q
2) shall play a negligible role. This
is the so-called chiral suppression. More specifically, by
taking the limit mℓ → 0, we have
dΓ
dq2
(B→Dℓν¯ℓ) = G
2
F |Vcb|2
192π3m3B
λ
3
2 (q2)|f+(q2)|2. (3)
The TFF f+(q
2) is an important component for the semi-
leptonic decay and has been calculated by the lattice
QCD approach [12], the pQCD approach [30] and the
QCD LCSR approach [31]. If we have known the TFF
f+(q
2) well, one can extract |Vcb| by comparing with the
data, i.e. via the following equation
B(B→Dℓν¯ℓ)
τ(B)
=
∫ (mB−mD)2
0
dq2
dΓ(B→Dℓν¯ℓ)
dq2
. (4)
Here τ(B) stands for the B meson lifetime and
B(B→Dℓν¯ℓ) stands for the branching ratio of B→Dℓν¯ℓ,
both of which are experimentally measurable parameters.
3A. LCSR for the TFF f+(q
2)
For the B meson decays to light meson, its basic quan-
tity for a LCSR calculation is the correlation function of
the weak current and a current evaluated between the
vacuum and a light meson. To figure out the dominant
twist-2 contribution and make it a better platform for de-
termining the properties of the twist-2 LCDA, we adopt
the following chiral correlation function (i.e. the correla-
tor) to do our calculation,
Πµ(pD, q) = i
∫
d4xeipx〈D(pD)|T{c¯(x)γµ(1 + γ5)b(x), b¯(0)i(1 + γ5)d(0)}|0〉
= Π(q2, (pD + q)
2)pDµ + Π¯(q
2, (pD + q)
2)qµ. (5)
In stead of using the current b¯iγ5d for the pseudoscalar
B meson, we adopt a chiral current b¯i(1 + γ5)d as firstly
suggested in Ref.[27] to do our calculation. The advan-
tage of such a choice lies in that the contributions from
the twist-3 LCDAs are eliminated exactly due to chiral
correlation suppression. This treatment is at the price of
introducing an extra contribution from a scalar B meson
with JP = 0+ corresponding to operator b¯d. To suppress
the error caused by such treatment, one can set the con-
tinuum threshold parameter s0 to be the one close to the
lowest scalar B meson, which is smaller than the pseu-
doscalar B meson mass. This is the reason why for the
improved LCSR approach the value of s0 is usually taken
to be those lower than the conventional LCSR. An un-
certainty analysis on the choice of s0 shall be presented
in our numerical estimations.
On the one hand, for large (negative) virtualities of
those currents, the correlator in the coordinate-space is
dominated by distances close to the light-cone (x2 ∼ 0)
and can be treated within the framework of light-cone
expansion. On the other hand, the same correlator can
be written as a dispersion relation, in the virtuality of the
current coupling to B meson. Equating the light-cone ex-
pansion with the dispersion relation, and separating the
lowest lying B meson contribution from those of higher
states via quark-hadron duality, one obtains the required
LCSR for the TFFs describing B → light meson decays.
In this way, the LCSR allows the calculation of the prop-
erties of nonexcited hadron-states with a reasonable theo-
retical uncertainty. Following such standard procedures,
we can obtain the LCSR for f+(q
2). To shorten the pa-
per, we only list the main results and also the new results
from the D-meson twist-4 terms, the interesting readers
may turn to Ref.[31] for detailed calculation technology.
Up to twist-4 accuracy, the QCD LCSR for f+(q
2) can
be written as
f+(q2) =
m2bfD
m2BfB
em
2
B
/M2
{∫ 1
∆
du exp
[
−m
2
b − u¯(q2 − um2D)
uM2
] [
φD(u)
u
−8m
2
b[g1(u) +G2(u)]
u3M4
+
2g2(u)
uM2
]
+
∫ 1
0
dv
∫
Dαi
θ(ξ −∆)
ξ2M2
exp
[
−m
2
b − ξ¯(q2 − ξm2D)
ξM2
] [
2ϕ⊥(αi) + 2ϕ˜⊥(αi)− ϕ‖(αi)− ϕ˜‖(αi)
]}
, (6)
in which u¯ = 1 − u, ξ = α1 + vα3, ξ¯ = 1 − ξ, G2(u) =∫ u
0
g2(v)dv and the integration upper limit is
∆ =
1
2m2D
[√
(s0 − q2 −m2D)2 + 4m2D(m2b − q2)
−(s0 − q2 −m2D)
]
. (7)
In addition to the leading-twist DA φD(u), we need to
introduce two two-particle and four three-particle twist-
4 DAs, which, similar to the kaonic case with SUf(3)-
breaking effect, can be expressed as [32]
g1(u) =
u¯u
6
[−5u¯u(9h00 + 3h01 − 6h10 + 4u¯h01u+ 10u¯h10u) + a10(6 + u¯u(9 + 80u¯u))]
+a10u¯
3(10− 15u¯+ 6u¯2) ln u¯+ a10u3(10− 15u+ 6u2) ln u,
g2(u) =
5u¯u(u− u¯)
2
[4h00 + 8a10u¯u− h10(1 + 5u¯u) + 2h01(1− u¯u)]. (8)
4ϕ⊥(αi) = 30α
2
3(α2 − α1)[h00 + h01α3 +
1
2
h10(5α3 − 3)],
ϕ˜⊥(αi) = −30α23[h00(1− α3) + h01
[
α3(1− α3)− 6α1α2
]
+ h10
[
α3(1− α3)− 3
2
(α21 + α
2
2)
]
],
ϕ‖(αi) = 120α1α2α3[a10(α1 − α2)],
ϕ˜‖(αi) = 120α1α2α3[v00 + v10(3α3 − 1)], (9)
where
h00 = v00 = −δ
2
3
, a10 = δ
2ǫ− 9
20
aD2 m
2
D,
v10 = δ
2ǫ, h01 =
2
3
δ2ǫ − 3
20
aD2 m
2
D
and
h10 =
4
3
δ2ǫ+
3
20
a2m
2
D.
Here, as a rough estimation of D-meson twist-4 contri-
butions, we adopt δ2(1GeV) = 0.20GeV2 and ǫ(1GeV) =
0.53 [32]. The uncertainties for such approximation are
suppressed by the fact that the twist-4 part itself con-
tributes less than 4% of the total TFF, which will be
shown latter discussions.
Taking the limit of infinite quark masses, our present
TFF f+(q2) coincides with the Isgur-Wise function for
the TFFs between heavy mesons [33, 34]. This shows
that at least at the leading order level, the LCSR for
f+(q2) are equivalent to the estimations by taking the
heavy quark symmetry. At the NLO level, the heavy
quark mass effect may cause changes among those two ap-
proaches, which is out of the range of the present paper.
In order to conveniently compare with the experimental
analysis done in the literature, we also present LCSR for
the B → D TFF within the heavy quark symmetry.
The non-perturbative matrix element defined in Eq.(1)
can be treated by taking the heavy quark limit, which
shall result in the following form,
〈D(pD)|c¯γµb|B(pB)〉 =√
mB mD[h+(w)(vB + vD)µ + h−(w)(vB − vD)µ],(10)
where the four velocities vB = pB/mB and vD = pD/mD.
The relationship between f+(q
2) and h+(−)(w) is
f+(q
2) =
mB +mD
2
√
mB mD
G(w), (11)
where
G(w) = h+(w) − mB −mD
mB +mD
h−(w)
and w stands for the product of B meson and D meson
four velocities, which is defined as
w = vB · vD = m
2
B +m
2
D − q2
2mBmD
. (12)
When q2 → 0, we get its maximum value, wmax = (m2B+
m2D)/(2mBmD). When q
2 → (mB − mD)2, we get its
minimum value, wmin = 1.
Then, the LCSR for TFF G(w) takes the following form
G(w) = 2m
2
bm
1/2
D
(mB +mD)m
3/2
B
fD
fB
em
2
B
/M2
{∫ 1
∆
du exp
[
−m
2
b − u¯(m2B + u¯m2D − 2mBmDw)
uM2
] [
φD(u)
u
−8m
2
b[g1(u) +G2(u)]
u3M4
+
2g2(u)
uM2
]
+
∫ 1
0
dv
∫
Dαi
θ(ξ −∆)
ξ2M2
exp
[
−m
2
b − ξ¯(m2B + ξ¯m2D − 2mBmDw)
ξM2
]
× [2ϕ⊥(αi) + 2ϕ˜⊥(αi)− ϕ‖(αi)− ϕ˜‖(αi)]}. (13)
B. Models for the leading-twist D meson DA
The leading-twist D meson DA has the asymptotic
form, φasD (x, µ
2)|µ→∞ = 6xx¯. In practical applications,
we need to know what is the shape of D meson DA at
low and moderate energy scales. The DA at any scale µ
can be expanded in Gegenbauer series as
φD(x, µ
2) = 6xx¯
∞∑
n=0
aDn (µ
2)C3/2n (x− x¯), (14)
where C
3/2
n (x − x¯) are Gegenbauer polynomials and
aDn (µ
2) are Gegenbauer moments. If the DA shape at
a scale µ0 is known, we can inversely get its Gegenbauer
moments by using the orthogonality relation for Gegen-
5bauer polynomial, i.e.,
aDn (µ
2
0) =
∫ 1
0
dx φD(x, µ
2
0)C
3/2
n (x − x¯)∫ 1
0 dx 6xx¯[C
3/2
n (x− x¯)]2
. (15)
Then, by including the QCD evolution effect, the D me-
son DA at any scale can be written as [35]
φD(x, µ
2) = 6xx¯
∞∑
n=0
aDn (µ
2
0)
(
ln
µ2
Λ2QCD
)−γn
C3/2n (x− x¯)
(16)
As a pQCD estimation for B → D decays, by introduc-
ing a free parameter Cd, Ref.[30] has suggested a naive
model for D meson DA, i.e.
φ1D(x) = 6x(1 − x)[1 + Cd(x − x¯)]. (17)
By setting Cd = 0.7, they predicte |Vcb| = 0.035 ∼ 0.036;
or inversely, if taking |Vcb| = 0.04, they predict Cd =
0.4 ∼ 0.5. A larger value Cd = 0.8 has also been sug-
gested in Ref.[36]. In our calculation, we shall adopt
φ1D(x) as the first DA model to do our discussion.
On the other hand, the D meson DA can be related to
its light-cone wave function (LCWF) ψD(x,k⊥) via the
relation,
φD(x, µ
2
0) =
2
√
6
fD
∫
|k⊥|2≤µ20
dk⊥
16π3
ψD(x,k⊥), (18)
where fD is decay constant. Thus one could first con-
struct a reasonable model for the D meson WF and then
get its DA. A proper way of constructing the D meson
WF/DA with a better end-point behavior at small x and
k⊥ region is very important for dealing with high energy
processes, especially for pQCD calculations.
As suggested, one useful way for modeling the hadronic
valence WF is to use approximate bound-state solution
of a hadron in terms of the quark model as the start-
ing point. The BHL prescription [29] of the hadronic
WF is rightly obtained via this way by connecting the
equal-time WF in the rest frame and the WF in the in-
finite momentum frame. It shows that the longitudinal
and transverse distributions for the WF ψD(x,k⊥) are
entangled with each other, which can be constructed as
ψD(x,k⊥)
= ADϕD(x) exp
[
−b2D
(
k2⊥ +m
2
c
x
+
k2⊥ +m
2
d
x¯
)]
,(19)
where AD is the overall normalization constant. For the
x-dependent part, similar to the pionic case [37], we can
assume ϕD(x) = [1+B×C3/22 (x− x¯)], in which B is the
phenomenological parameter to be fixed by studying the
D meson involved processes. In the following, we shall
show that the value of B is close to the second Gegen-
bauer moment, B ∼ aD2 , which basically determines the
broadness of the longitudinal distribution. More over,
because mc ≫ md, we shall have a large non-zero first
Gegenbauer moment aD1 as suggested in Refs.[30, 36].
After integrating out the transverse momentum, we get
the second model for the D meson DA, i.e.,
φ2D(x, µ
2
0) =
√
6A2Dxx¯
8π2fDb22D
[1 +B × C3/22 (x− x¯)] exp
[
−b22D
xm2d + x¯m
2
c
xx¯
] [
1− exp
(
−b
2
2Dµ
2
0
xx¯
)]
, (20)
where the constitute light quark mass md ∼ 300 MeV
from the constitute quark model [38], A2D and b2D are
undetermined parameters.
As a further step, we include the spin-space WF
χD(x,k⊥) = (x¯mc + xmd)/
√
k2⊥ + (x¯mc + xmd)
2 [39],
into the WF, i.e.
ψ′D(x,k⊥) = χD(x,k⊥)ψD(x,k⊥). (21)
Such spin-space part comes from the Wigner-Melosh ro-
tation [40], whose idea is reasonable: when one trans-
forms from equal-time (instant-form) WF to LCWF,
besides the momentum space WF transformation, one
should also consider the Melosh transformation relating
equal-time spin WFs and light-cone spin WFs. After in-
tegrating it over the transverse momentum dependence,
we get the third model for the D meson DA,
φ3D(x, µ
2
0)=
A3D
√
6xx¯Y
8π3/2fDb3D
[1 +B × C3/22 (x− x¯)] exp
[
− b23D
xm2d + x¯m
2
c −Y2
xx¯
] [
Erf
(b3D√µ20 +Y2√
xx¯
)
− Erf
(b3DY√
xx¯
)]
,
(22)
where A3D, B and b3D are undetermined parame- ters. The error function Erf(x) is defined as Erf(x) =
62
∫ x
0 exp(−t2)dt/
√
π, Y = xmd + x¯mc and x¯ = 1− x.
As for the second and third WFs, we have two con-
straints to determine the WF parameters:
• The first one is the WF normalization condition
∫ 1
0
dx
∫
d2k⊥
16π3
ψD(x,k⊥) =
fD
2
√
6
. (23)
• The second one is the probability of finding the
leading valence-quark state in D meson (PD),
which is ≃ 0.8 [41–43]. Here the probability PD
is defined as
PD =
∫ 1
0
dx
∫
|k⊥|2≤µ20
d2k⊥
16π3
|ψD(x,k⊥)|2. (24)
More specifically, for the above mentioned WF
models (19,21), we obtain
P2D =
A22D
32π2b22D
∫ 1
0
dxϕ2(x)xx¯ exp
[
−2b22D
m2dx+m
2
c x¯
xx¯
] [
1− exp
(
−2b22D
µ20
xx¯
)]
, (25)
P3D =
A23D
16π2
∫ 1
0
dxϕ2(x)Y2 exp
[
−2b23D
m2dx+m
2
c x¯
xx¯
]∫ µ2
0
0
dk2⊥
k2⊥ +Y
2
exp
(
−2b23D
k2⊥
xx¯
)
. (26)
The remaining free parameter B can be fixed by com-
paring with the data, and then the WF/DA behavior can
be determined finally. In combination with the above two
constraints, it is noted that by using a proper value of B,
most of the DA shapes suggested in the literature can be
simulated.
C. Decay constants for the B and D mesons
The B and D decay constants are two important phys-
ical quantities for determining the B → D TFFs and the
D meson DA.
A comparative study on the B meson decay constant
under several different correlation functions has been
done in Ref.[44]. To be consistent with our present LCSR
analysis on the B → D TFF, we adopt the chiral corre-
lation function to do the calculation, i.e.
Π(q2) = i
∫
d4xeiq·x〈0|q¯(x)(1+γ5)b(x), b¯(0)(1−γ5)q(0)|0〉.
Following the standard procedure, we can obtain the sum
rule for fB up to NLO,
f2B
m4B
m2b
e−m
2
B
/M2 =
3
4π2
∫ s0
m2
b
ds s e−s/M
2
(1 − x)2
[
1 +
αs(µIR)CF
π
ρ(x)
]
+e−m
2
b
/M2
[
1
6
〈αs
π
GG〉 − 32π
27
αs(µIR)〈q¯q〉2
M2
×
(
1− m
2
b
4M2
− m
4
b
12M4
)]
, (27)
where mb stands for the b-quark, µIR is the renormaliza-
tion scale, x = m2b/s and CF = 4/3. The parameters M
and s0 stand for the Borel parameter and the effective
continuum threshold respectively. The function ρ(x) de-
termines the spectral density of the NLO correction to
the perturbative part,
ρ(x) =
9
4
+ 2Li2(x) + lnx ln(1− x)− ln(1 − x)
+
(
x− 3
2
)
ln
1− x
x
− x
1− x lnx, (28)
where Li2(x) means the dilogarithm function. Practi-
cally, ρ(x) is firstly derived under the MS scheme, and
then transformed into Eq.(28) with the help of the well-
known one loop formula for the relation between the b
quark MS-mass and the pole mass, i.e.
mb(µIR) = mb
[
1 +
αs(µIR)CF
4π
(
−4 + 3 ln m
2
b
µ2IR
)]
.
By changing all B meson parameters to the corre-
sponding D meson parameters, we can get similar LCSR
as Eq.(27) for fD.
III. NUMERICAL RESULTS AND
DISCUSSIONS
A. Input parameters
As for the heavy quark masses, we take mb = 4.85 ±
0.05 GeV and mc = 1.50 ± 0.05 GeV. For B and D
mesons’ masses, we take mB = 5.279 GeV and mD =
1.869 GeV [11]. We take the light condensates 〈q¯q〉 and
〈αsπ GaµνGaµν〉 as [45, 46]
〈q¯q〉(1 GeV) = −(0.246+0.018−0.019 GeV)3
〈αs
π
GG〉 = 0.012+0.006−0.012 GeV4
〈q¯gσ ·Gq〉(1 GeV) = (0.8± 0.2) GeV2〈q¯q〉(1 GeV),
7where q denotes light u or d quark.
B. The B and D decay constants
mb/GeV s0/GeV
2 M2/GeV2 fB/GeV
4.80 [32.8, 35.9] [1.93, 2.36] 0.160(5)
4.85 [32.5, 34.9] [1.81, 2.17] 0.141(4)
4.90 [32.3, 33.9] [1.84, 2.00] 0.121(2)
TABLE I. The B meson decay constant fB up to NLO for
mb = 4.85± 0.05 GeV. The number in the parenthesis shows
the uncertainty in the last digit.
mc/GeV s0/GeV
2 M2/GeV2 fD/GeV
1.45 [5.07, 5.95] [0.67, 0.81] 0.180(5)
1.50 [5.31, 5.72] [0.59, 0.73] 0.163(4)
1.55 [4.92, 5.01] [0.67, 0.68] 0.142(6)
TABLE II. The D meson decay constant fD up to NLO for
mc = 1.50± 0.05 GeV. The number in the parenthesis shows
the uncertainty in the last digit.
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FIG. 1. The value fB versus mb ∈ [4.60, 4.90] GeV, in which
the errors for some specific points are caused by the choices
of s0 and the Borel window within their allowable regions.
The B and D decay constants are usually studied via
their leptonic decay channels, earlier discussions of which
can be found in Ref.[47]. At present, we determine the B
and D decay constants from the LCSR (27). The Borel
window, i.e. the allowable range of the Borel parame-
ter M2, and the effective continuous threshold s0 can
be determined from three restriction conditions: I) The
continuum contribution is not higher than 30%; II) The
dimension-six condensate does not exceed 15%; III) The
mc µ0 A3D b3D A2D b2D
1 416.6 0.791 514.8 0.841
1.45
2 479.9 0.812 595.8 0.862
1 739.9 0.854 937.2 0.902
1.50
2 814.1 0.868 1033 0.915
1 1674. 0.940 2184. 0.985
1.55
2 1763. 0.947 2301. 0.991
TABLE III. The WF parameters A2D, b2D, A3D and b3D with
mc = 1.50± 0.05 GeV. B = 0.00. The value of fD is taken as
the central value for each mc and we adopt two initial scales
for DA, i.e. µ0 = 1 and 2 GeV respectively.
estimated B meson mass compared with the experimen-
tal results does not exceed 1%. A LCSR for mB can be
easily derived by doing the derivative of the logarithm of
Eq.(27) with respect to 1/M2, which can be conveniently
adopted for determining the B meson mass. The results
are presented in Tables I and II.
Tables I and II indicate that the value of fB or fD de-
creases almost linearly with the increment of b or c quark
mass. This can be seen by Fig.(1), which represents the
behavior of fB versus mb. Here the errors are caused
by varying s0 within the region listed in Table I and by
varying M2 within the allowable Borel window. In the
literature, based on the non-relativistic constituent quark
model or via an application of the Dyson-Schwinger equa-
tion, it has been known that fB|mb→∞ ∝ 1/
√
mB [48–
52]. On the other hand, under the QCD sum rule ap-
proach, such asymptotic behavior shall be altered by a
certain degree when we have taken the non-perturbative
terms proportional to the quark and gluon condensates
into consideration [53]. A similar linear mb dependence
has also been observed in a recent QCD sum rule analy-
sis [54].
C. The D meson distribution amplitude
As a combination of the above mentioned two con-
straints, i.e. the normalization condition (23) and the
probability PD = 0.8, we determine the D meson DA
parameters. We put the results for the DA parameters
A2D, b2D, A3D and b3D in Table III, where we have set
B = 0.00 as an explicit example and all other parameters
are set to be their central values. During the calculation,
the parameter B could be treated as a free parameter for
determining the DA models φ2D and φ3D. We put the
D meson DA φ3D with different choices of B in Fig.(2),
in which we have set the value of B up to a larger value
of 0.60. It is found that by varying B within a certain
region, e.g. B ∈ [0, 0.6], the D meson DA shall vary
from asymptotic-like to double-humps-like, then, one re-
produces most of the D meson DAs suggested in the lit-
erature. This agrees with our experience on pion DA [37].
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FIG. 2. The D meson DA φ3D(x, µ
2
0) at µ0 = 1 GeV with
different B, in which we have set B = 0.00,· · · ,0.60, respec-
tively.
Model B aD1 (µ
2
0 = 1 GeV
2) aD2 (µ
2
0 = 1 GeV
2)
0.00 0.625 0.056
0.10 0.618 0.135
II 0.20 0.614 0.211
0.30 0.612 0.289
0.40 0.611 0.370
0.00 0.586 0.024
0.10 0.581 0.103
III 0.20 0.576 0.180
0.30 0.579 0.258
0.40 0.576 0.341
TABLE IV. The first and second Gegenbauer moments of
the D meson leading-twist DAs φ2D(x, µ
2
0) and φ3D(x,µ
2
0) for
typical B within the region of [0.00, 0.40]. md = 0.30 GeV,
mc = 1.50 GeV, PD = 0.8 and µ0 = 1 GeV.
Then, inversely, by comparing the estimations with the
experimental data on D meson involved processes, one
can obtain the possible range for the parameter B and
then a determined behavior of the D meson DA.
The first and second Gegenbauer moments aD1 (1GeV
2)
and aD2 (1GeV
2) with varying B ∈ [0.00, 0.40] for φ2D
and φ3D are presented in Table IV. By setting B ∈
[0.00, 0.40], we get the steady first Gegenbauer moment,
i.e. aD1 ∼ [0.61, 0.63] for φ2D and aD1 ∼ [0.57, 0.59] for
φ3D. These vales are consistent with those of Ref.[30],
which, at present, is a natural deduction of our present
LCDAmodel. More over, we observe that the value of the
second Gegenbauer moment aD2 ∼ B, which shows that
the parameter B does basically determine the broadness
of the longitudinal distribution of D meson DA.
As a comparison, we present the D meson DAs
φ1D,2D,3D(x, µ
2
0) in Fig.(3). It shows that the D meson
DA shape changes slightly by varying the scale µ0 from
1 GeV to 2 GeV. And as a comparison of φ2D and φ3D,
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FIG. 3. Three D meson DAs φ1D,2D,3D under two different
scales, in which we have set B = 0.00 for φ2D and φ3D. The
curves for φ2D or φ3D at the two scales are almost coincide
with each other. As for φ1D, we set Cd = 0.70 [30].
by including the spin-space WF effect, the DA end-point
behavior can be further improved.
D. The B → D transition form factor
Using the QCD LCSR for the B → D TFF f+(q2), we
discuss its properties in detail. The TFF f+(q2) or G(w)
depends weakly on the allowable Borel window M2 ∈
[15, 19] GeV2, and we shall fix M2 to be 17 GeV2 to do
our calculation.
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FIG. 4. The TFF f+(q2) for three D meson DAs. The dash-
dot, the dotted and the solid lines are for φ1D, φ2D and φ3D,
respectively. For the case of φ2D and φ3D, we have set B =
0.00 and µ0 = 1 GeV.
We present the TFF f+(q2) up to twist-4 accu-
racy for the D meson DAs φ1D,2D,3D in Fig.(4). The
shapes/trends of the three curves are similar to each
other. The simplest model φ1D, which agrees with that of
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FIG. 5. The TFF f+(q2) for D meson DA φ3D with different
choice of B. The solid, the dashed and the dash-dot lines are
for B = 0.00, 0.10 and 0.20, respectively.
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FIG. 6. The TFF f+(q2) for φ3D with B = 0.00 up to twist-4
accuracy. It shows the twist-2 part provides dominant con-
tribution, while the twist-4 part gives quite small negative
contribution.
Ref.[31] by using the same inputs, provides much lower
f+(q2) in the whole q2 region than those of φ2D and
φ3D. Thus, the previously adopted naive DA model φ1D
can only provide the conceptional estimation on f+(q2).
The TFF f+(q2) for both φ2D and φ3D are close to each
other. This is reasonable, since the TFFs are dominated
by large x region that is close to 1 and φ2D and φ3D
have similar behaviors in this region. The inclusion of
spin-space WF shall lead to a more accurate estimation,
so, we take φ3D(x, µ0) as the D meson DA to do our
following discussions.
The TFFs for φ3D with B = 0.00, 0.10 and 0.20 are
presented in Fig.(5). It shows that f+(q2) increases with
the increment of B. This agree with the trends shown in
Fig.(2) that a bigger B leads to a weaker suppression in
the end-point region (x → 0 or x → 1), and shall result
in a larger estimation on f+(q2).
Refs. [12] [13] [14]
G(1) 1.026(17) 1.074(24) 1.058(20)
TABLE V. The value of TFF G(ω) at the minimum recoil
point, G(1), under the quenched lattice QCD approach [12–
14], where the number in parenthesis shows its uncertainty in
the last digit.
To compare the relative importance of different twist
structures, we present the TFF f+(q2) for the twist-2
part only and the total TFF up to twist-4 accuracy in
Fig.(6), where the D meson DA is taken as φ3D with
B = 0.00. The cases for otherB values are similar. As re-
quired, Fig.(6) shows that the twist-2 part provides domi-
nant contribution, while the twist-4 part gives quite small
(negative) contribution. The twist-4 contribution slightly
increases with the increment of q2, and for q2 = 12 GeV2,
the twist-4 part provides ∼ 4% absolute contribution to
the TFF f+(12). The twist-4 part should be taken into
consideration in cases when a physical observable sizably
depends on the TFF at large q2 region. Fig.(6) also indi-
cates that our present treatment of D-meson twist-4 DAs
is viable, since the twist-4 DAs for D meson and kaon are
similar (both are treated as heavy-and-light meson) and
their differences to the total TFF, and hence to the fol-
lowing determined |Vcb|, can be highly suppressed by the
total quite small twist-4 contributions to the integrated
TFF in whole q2 region.
In the literature, one always uses G(w) for pQCD
and experimental analysis, especially for determining the
CKM matrix element |Vcb|, cf.Refs.[7–10]. An important
input for the experimental fit is G(w = 1), which is the
value of TFF at the minimum recoil point (corresponding
to q2 = (mB −mD)2). Theoretically, we have h+(1)→ 1
and h−(1) → 0 in the framework of the heavy quark
effective theory, which results in the limiting behavior
G(1)→ 1. The quenched lattice QCD estimation [12–14],
cf. Table V, shows G(1) → 1 could be a good approxi-
mation.
Using the LCSR (13), we put our prediction of G(1)
versus the threshold parameter s0 in Fig.(7), where the
uncertainties for mc ∈ [1.45, 1.55] GeV, mb ∈ [4.80, 4.90]
GeV and M2 ∈ [15, 19] GeV2 are presented. Our central
value is [0.94, 1.01] for s0 ∈ [37, 41] GeV2. The value of
G(1) is steady over the Borel window, which changes by
less than 2% for M2 ∈ [15, 19] GeV2. Varying w within
its allowable range of [1.00, 1.59], the TFF G(w) for sev-
eral continuum threshold s0 is drawn in Fig.(8). By vary-
ing s0 within the wide region from 37 GeV
2 to 41 GeV2,
G(1) changes from ±7% to ±8% for mb ∈ [4.80, 4.90]
GeV and from
(
+13%
−6%
)
to
(
+14%
−7%
)
for mc ∈ [1.45, 1.55]
GeV, respectively. As a combined (squared) error for the
b and c quark mass uncertainties, it is found that G(1)
changes by
(
+15%
−9%
)
at s0 = 37 GeV
2 and
(
+16%
−11%
)
at
s0 = 41 GeV
2.
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FIG. 7. The TFF G(1) by varying s0 within the wide region
of [37, 41] GeV2, where the uncertainties for mc ∈ [1.45, 1.55]
GeV, mb ∈ [4.80, 4.90] GeV and M
2 ∈ [15, 19] GeV2 are pre-
sented by shaded bands, respectively. The central solid line
is for mc = 1.50 GeV, mb = 4.85 GeV and M
2 = 17 GeV2.
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FIG. 8. The QCD LCSR for TFF G(w) versus w, in which
the allowable range for w is [1.00, 1.59]. The dash-dot, the
solid and the dashed lines are for s0 = 37 GeV
2, 39 GeV2 and
41 GeV2, respectively. As a comparison, we also present the
parametrization (29) of Belle Collaboration [7]: the dotted
line is the central value for ρˆ2D = 0.69 and cˆD = 0.00, the
thicker shaded band shows the uncertainty of linear fit and
the lighter shaded band is for quadratic fit.
Experimentally, G(w) is usually parameterized as the
following form [7–10]:
GD(w) = GD(1)
[
1− ρˆ2D(w − 1) + cˆD(w − 1)2
+O((w − 1)3)] , (29)
in which the undetermined parameters are taken as [7]
ρˆ2D = 0.69± 0.14, cˆD = 0.00 (30)
for the linear fit; and
ρˆ2D = 0.69
+0.42
−0.15, cˆD = 0.00
+0.59
−0.00 (31)
(B0 → D−ℓ+νℓ) |V
Max
cb | ∆
+ |V Mincb | ∆
−
mb = (4.85 ± 0.05) GeV 44.74 +3.45 37.41 -3.88
mc = (1.50 ± 0.05) GeV 43.66 +2.37 40.01 -1.28
s0 = (39± 2) GeV
2 44.96 +3.68 38.87 -2.41
M2 = (17± 2) GeV2 42.36 +1.08 40.43 -0.86
B = (2.18± 0.12)% 42.40 +1.12 40.13 -1.15
τ = (1.519 ± 0.007) ps 41.38 +0.10 41.19 -0.10
TABLE VI. Theoretical and experimental uncertainties for
|Vcb| under the B
0/B¯0-type. The central value is |V CVcb | =
41.28, which is obtained by setting all parameters to be their
cental values. The symbols CV, Max and Min stand for the
central value, the maximum value and the minimum value,
respectively. The conditions for the B±-type are similar.
for the quadratic fit. As a comparison of our theoret-
ical estimations, we have also put the results for the
parametrization (29) in Fig.(8): the dotted line is the
central value for ρˆ2D = 0.69 and cˆD = 0.00, the lighter
shaded band is the uncertainty of quadratic fit and the
thicker shaded band is for linear fit. Fig.(8) shows our
present prediction of G(w) is in a good agreement with
the data, which also consistent with the pQCD estima-
tion at the large recoil region [30].
E. The matrix element |Vcb| and its uncertainties
There are four B → D semi-leptonic processes that
are frequently used to determine the CKM matrix el-
ement |Vcb|, i.e. B0 → D−ℓ+νℓ and B¯0 → D+ℓ−ν¯ℓ,
B+ → D¯0ℓ+νℓ and B− → D0ℓ−ν¯ℓ. The branching ratios
and lifetimes of those processes can be grouped into two
types, one is called as the “B0/B¯0-type” with [11]
B(B0 → D−ℓ+νℓ) = B(B¯0 → D+ℓ−ν¯ℓ)
= (2.18± 0.12)%,
τ(B0 or B¯0) = 1.519± 0.007 ps,
and the other is called as the “B±-type” with [11]
B(B+ → D¯0ℓ+νℓ) = B(B− → D0ℓ−ν¯ℓ)
= (2.26± 0.11)%,
τ(B±) = 1.641± 0.008 ps.
In the following, we shall adopt those two types of pro-
cesses to determine |Vcb|.
Taking φ3D with B = 0.00 as an example, we show
how the considered uncertainty sources affect |Vcb|, i.e.,
|Vcb|(B0/B¯0 − type) = (41.28+5.68−4.82+1.13−1.16)× 10−3 (32)
and
|Vcb|(B± − type) = (40.44+5.56−4.72 +0.98−1.00)× 10−3, (33)
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FIG. 9. The uncertainties of |Vcb| versus s0 from the QCD
LCSR analysis, where the left is for B0/B¯0-type and the right
is for B±-type. The shaded bands are for uncertainties of dif-
ferent parameters, which are derived by varying these param-
eters within their reasonable regions as mb = (4.85 ± 0.05)
GeV, mc = (1.50± 0.05) GeV and M
2 = (17± 2) GeV2. The
solid line stands for the central values of |Vcb|.
B B0/B¯0-type B±-type
0.00 41.28+5.68−4.82
+1.13
−1.16 40.44
+5.56
−4.72
+0.98
−1.00
0.10 39.50+5.36−4.68
+1.08
−1.11 38.70
+5.25
−4.58
+0.94
−0.96
0.20 38.00+5.17−4.59
+1.04
−1.06 37.22
+5.06
−4.49
+0.90
−0.92
TABLE VII. The value of |Vcb| in unit 10
−3 with varying B for
D meson DA. Three choices of B, i.e. 0.00, 0.10 and 0.20, are
adopted. The central values for |Vcb| are obtained by setting
all inputs to be their central values. The errors are calculated
by theoretical and experimental errors for all inputs, similar
to the case of Table VI.
in which the first (second) uncertainty comes from the
squared average of the mentioned theoretical (experimen-
tal) uncertainties shown in Table VI. That is, the theo-
retical uncertainty mainly comes from the c and b quark
masses, the Borel window and the choice of the thresh-
old parameter s0. The experimental uncertainty comes
from the lifetime and the decay ratio of the mentioned
processes. A clear description of those uncertainties are
presented in Fig.(9).
Next,we discuss the variation of by taking φ3D with
|Vcb| × 10
−3
BABAR [2] (ULC) 39.8(18)(13)
BABAR [2] (SSM) 41.6(18)(14)
PDG (Lattice) [11] 39.4(14)(13)
CLEO [8] 45(6)(4)(5)
Belle [7] 41.9(45)(53)
QLC [12] 38.4(9)(42)
DELPHI [55] 41.4(12)(21)
HQET [56] 40(6)
Our result (B0/B¯0-type) 41.28+5.68−4.82
+1.13
−1.16
Our result (B±-type) 40.44+5.56−4.72
+0.98
−1.00
TABLE VIII. A comparison of |Vcb| with some estimations
done in the literature, in which the first and second errors are
for theoretical and experimental uncertainty sources, respec-
tively. The symbol QLC means the quenched lattice calcula-
tion and the HQEF means the heavy quark effective theory.
several choices of B = 0.00, 0.10 and 0.20, respectively.
The results are put in Table VII. It is noted that the value
of |Vcb| decreases with the increment of B. To compare
with the experimental estimations on |Vcb|, we need a
smaller B and hence a smaller second Gegenbauer mo-
ment. This, in some sense, consistent with the present
analysis for the pion DA, which also prefers an asymp-
totic behavior with small second Gegenbauer moment or
small B value [37].
As a final remark, we preset a comparison of |Vcb| for
B = 0.00 with the present estimations done in the lit-
erature. We put such a comparison in Table VIII. Ex-
perimentally, the value of G(1)|Vcb| is determined in a
combined way to short the uncertainties and the value
of |Vcb| is determined by using theoretical estimations on
G(1). As for BABAR collaboration [2], the SSM means
using G(1) determined by the quenched lattice calcula-
tion based on the Step Scaling Method [12] and the ULC
means using G determined by the unquenched lattice cal-
culation [13]. Tables VII and VIII show that our present
QCD LCSR estimation on |Vcb| for a smaller B shows a
good agreement with the experimental estimates.
IV. SUMMARY
In the present paper, by adopting several D meson DA
models, we have presented a detailed discussion on B →
D TFF f+(q2) or G(w) within the QCD LCSR approach.
Based on the sum rules together with the experimental
data on B → D semileptonic decays, we have analyzed
the CKM matrix element |Vcb|, in which a detailed error
analysis has been presented.
We have calculated the B → D TFF up to twist-4
accuracy by using the improved QCD LCSR with chiral
current. By using chiral current in the correlator, the
most uncertain twist-3 contributions can be eliminated
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FIG. 10. A comparison of |Vcb| with experimental and the-
oretical predictions. Our estimations for B = 0.00, 0.10 and
0.20 are presented.
due to chiral suppression. It shows that the twist-2 part
provides dominant contributions to the form factor and
the twist-4 parts only give less than 4% contributions in
whole q2 region. Thus this provides another platform for
testing the properties of twist-2 DA.
We have newly suggested a convenient D meson DA
model (22) based on the BHL prescription together with
the Wigner-Melosh rotation effect. As shown by Table
IV, its second Gegenbauer moment is dominantly deter-
mined by a parameter B, i.e. aD2 ∼ B. The DA shapes
for various B are put in Fig.(2). By using a proper choice
of B, most of the DA shapes suggested in the litera-
ture can be simulated. Then, if by comparing with the
data, the value of B can be fixed, the DA behavior can
be determined accordingly. It is noted that to compare
with the experimental result on |Vcb|, a smaller B ≺∼ 0.20
shows a better agreement. By varying B ∈ [0.00, 0.20],
its first Gegenbauer moment aD1 is about [0.6, 0.7], con-
sistent with the pQCD suggestion [30].
The TFF f+(q2) have been calculated by using three
different D meson DAs. As shown by Fig.(4), the usual
simple model φ1D shall lead to smallest f
+(q2) and can
only be adopted for a conceptional estimation on f+(q2).
By using φ3D, with a larger B value, a larger f
+(q2) is
observed, which is due to less suppression from the DA
around the end-point region.
A detailed uncertainty analysis on G(1) has also been
done. As shown by Fig.(8), our present prediction of
G(w) shows a better agreement with the data. The cen-
tral value of G(1) is [0.94, 1.01] for s0 ∈ [37, 41] GeV2,
consistent with HQET limit G(1)→ 1. The value of G(1)
is steady over the Borel window, which changes by less
than 2% for M2 ∈ [15, 19] GeV2.
The matrix element |Vcb| and its uncertainties have
been studied by using two types of processes, e.g. the
B0/B¯0-type and the B±-type. For the case of B=0,
by adding the errors for all mentioned experimental and
theoretical uncertainty sources, we obtain |Vcb|(B0/B¯0−
type) = (41.28+6.81−5.98) × 10−3 and |Vcb|(B± − type) =
(40.44+6.54−5.72)× 10−3. As a weighted average of these two
types we obtain,
|Vcb| = (40.84± 3.11)× 10−3, (B = 0.00) (34)
where the error stands for the standard derivation of the
weighted average. Similarly, we have
|Vcb| = (39.08± 3.03)× 10−3, (B = 0.10), (35)
|Vcb| = (37.59± 2.89)× 10−3, (B = 0.20). (36)
A comparison of |Vcb| with experimental and theoretical
predictions is put in Fig.(10), in which our estimations
for B = 0.00, 0.10 and 0.20 are presented. We have
also shown how the considered uncertainty sources affect
|Vcb|. The results are presented in Table VII, in which
three choices of B are adopted, i.e. B = 0.00, 0.10 and
0.20, respectively. Through a comparison with the exper-
imental data, our present estimation for |Vcb| with a small
B shows a good agreement with the BABAR, CLEO and
Belle estimates. With more and more available data for
the D meson involved processes, the D meson DA will
be finally determined by a global fit.
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